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THE COARSE BAUM–CONNES CONJECTURE AND
GROUPOIDS II
J. L. TU
Abstract. Given a (not necessarily discrete) proper metric space M with
bounded geometry, we define a groupoid G(M). We show that the coarse
Baum–Connes conjecture with coefficients, which states that the assembly map
with coefficients for G(M) is an isomorphism, is hereditary by taking closed
subspaces.
Introduction
Let (X, d) be a metric space that we will suppose in this introduction to be
uniformly locally finite for simplicity, i.e. ∀R > 0, ∃N ∈ N, ∀x ∈ X , #B(x,R) ≤
N .
A subset E of X × X is controlled if d|E is bounded. Let H be a separable,
infinite dimensional Hilbert space. Let C∗(X) be the closure of the algebra of
operators T ∈ L(ℓ2(X,H)) whose support is controlled, such that every matrix
element Txy ∈ L(H) is a compact operator.
For every real number d > 0, let Pd(X) be the space of probability measures
on X whose support have diameter ≤ d. Then the coarse Baum–Connes conjec-
ture [9] states that a certain assembly map limdK∗(Pd(X)) → K(C∗(X)) is an
isomorphism.
This conjecture is known to be true in many cases [10], but not in general [3].
In [6], it was shown that G(X) = ∪
E controlledE¯ ⊂ βX ×X can be endowed
with the structure of an e´tale, locally compact, σ-compact groupoid, and that
the coarse Baum–Connes conjecture for X is equivalent to the Baum–Connes
conjecture for G(X) with coefficients in ℓ∞(X,K).
In this paper, we extend the main result of [6] in two directions. First, we
extend the construction to a large class of locally compact, proper metric spaces
(that are not necessarily discrete). Secondly, we define a coarse Baum–Connes
with coefficients: a natural way to do so is to require the groupoid G(X) to satisfy
the Baum–Connes conjecture with coefficients. We show that it is stable under
taking closed subspaces. To that end, we prove that under quite general con-
ditions on the locally compact groupoids H ⊂ G, the Baum–Connes conjecture
with coefficients for G implies the Baum–Connes conjecture with coefficients for
H (Theorems 3.10 and 3.14): this extends one of the main results in [2].
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1. General notations and conventions
In a metric space, B(a, R) (resp. B˜(a, R)) denotes the open ball (resp. the
closed ball) of center a and radius R. More generally, if A is a subspace then
B(A,R) = {x| d(x,A) < R} and B˜(A,R) = {x| d(x,A) ≤ R}.
A metric space is said to be proper if all closed balls are compact.
If G is a groupoid, we will denote by G(0) the space of units, and by s and
r the source and the range maps. For all x, y ∈ G(0), Gx, Gy and Gyx denote
s−1(x), r−1(y) and Gx ∩ Gy. More generally, if A,B ⊂ G(0) then GA = s−1(A),
GB = r−1(B) and GBA = GA ∩GB.
In particular, given a set M , M ×M is endowed with the groupoid product
(x, y)(y, z) = (x, z) and inverse (x, y)−1 = (y, x).
For all sets A,B ⊂ M ×M , A ◦ B = {(x, y) ∈ M ×M | ∃z ∈ M, (x, z) ∈
A and (z, y) ∈ B}, A−1 = {(y, x)| (x, y) ∈ A}, Ax = A ∩ (M × {x}) and Ax =
A ∩ ({x} × M). More generally, if X ⊂ M then AX = A ∩ (M × X) and
AX = A ∩ (X ×M). We will sometimes write A ◦X instead of AX .
Let G be a groupoid. A right action of G on a space Z is given by a map
σ : Z → G(0) (the anchor map of the action) and a “product” Z ×σ,r G → Z,
denoted by (z, g) 7→ zg, satisfying the relations zσ(z) = z and (zg)h = z(gh) for
all (z, g, h) ∈ Z ×σ,r G ×s,r G. A space endowed with an action of G is called a
G-space.
A continuous action is said to be proper if the map Z ×σ,r G→ Z ×Z defined
by (z, g) 7→ (z, zg) is proper.
A space Z endowed with an action of a groupoid G is said to be G-compact
(or cocompact) if M/G is compact.
If a locally compact groupoid with Haar system acts properly on a locally
compact space Z, then [7] there exists a “cutoff” function c : Z → R+ satisfying
(i) ∀x ∈ Z, ∫
g∈Gσ(z)
c(zg) λx(dg) = 1;
(ii) for every compact set K ⊂ Z, the set {(z, g) ∈ K × G| c(zg) 6= 0} is
relatively compact.
2. Uniform coarse structures and groupoids
In this section, we associate to any LBG (see Proposition 2.31) proper met-
ric space M a locally compact groupoid G(M) (Definition 2.37). Most of the
constructions below can be extended to spaces that are endowed with a uniform
structure and a coarse structure which are compatible. However, we will deal
most of the time with metric spaces, since spaces that one usually encounters are
metrizable (see for instance Propositino 2.6).
We recall the following definition from general topology.
Definition 2.1. Let M be a set. A uniform structure on M is a nonempty
collection U of subsets of M ×M satisfying the following conditions:
(i) For all U ∈ U ,the diagonal ∆ is a subset of U ;
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(ii) For all U ∈ U and all V ⊃ U , we have V ∈ U ;
(iii) For all U, V ∈ U , U−1 ∈ U and U ∩ V ∈ U ;
(iv) For all U ∈ U , there exists V ∈ U such that V ◦ V ⊂ U .
For instance, ifM is a metric space then U consists of the subsets which contain
∆r = {(x, y) ∈M ×M | d(x, y) ≤ r} for some r.
Given a uniform structure, there is a topology such that a subset Ω of M is
open if and only for all x ∈ Ω there exists U ∈ U satisfying the condition Ux ⊂ Ω.
If a topological space M is given, we call “uniform structure on M” a uniform
structure which induces the topology on M .
A map f : M → N between two uniform spaces is said to be uniformly
continous if (f × f)−1(V ) ∈ UM for all V ∈ UN .
Lemma 2.2. Let U be a uniform structure on a topological space M . Given
any neighborhood W of the diagonal and x ∈ M , there exists V ∈ U and a
neighborhood Ω of x such that VΩ ⊂W .
Proof. Let A be an open neighborhood of x such that A × A ⊂ W . Let U ∈ U
such that Ux ⊂ A × {x}. Let V ∈ U such that V −1 ◦ V ⊂ U . Since V is a
neighborhood of the diagonal, there exists an open neighborhood Ω of x such
that Ω× {x} ⊂ V .
Let (y, z) ∈ VΩ, and let us prove that (y, z) ∈ W . Since (y, x) ∈ Ω × {x} ⊂
V ⊂ U , we have y ∈ A.
Since (z, x) = (z, y)(y, x) ∈ V −1 ◦ V ⊂ U , we have z ∈ A. Therefore, (y, z) ∈
A× A ⊂W . 
If a group Γ acts on a uniform space M , we will say that the uniform structure
is Γ-invariant if every U ∈ U contains an element of U which is Γ-invariant. For
instance, a Γ-invariant distance provides such a uniform structure.
Proposition 2.3. Let Γ be a locally compact group. Let Y be a locally com-
pact, Γ-compact proper Γ-space. Then there is one and only one Γ-invariant
uniform structure : a set U belongs to U if and only if it contains a Γ-invariant
neighborhood of the diagonal. As a consequence, if Z is any topological space
with a Γ-invariant uniform structure, then every continuous, Γ-invariant map
f : Y → Z is uniformly continous.
Proof. Let W be a Γ-invariant neighborhood of the diagonal. We have to show
that W ∈ U . Let K ⊂ Y be a compact subset such that KΓ = Y . By the
preceding lemma, for all x ∈ K there exists a neighborhood Ωx of x and Vx ∈ U
such that Vx ∩ (Ωx ×M) ⊂ W . Let x1, . . . , xn ∈ K such that K ⊂ ∪iΩxi . Let
U = ∩iVxi . Then U ∈ U , so there exists U ′ ∈ U Γ-invariant contained in U . Since
U ′ ∩ (K ×M) ⊂W , by invariance of U ′ and of W we get U ′ ⊂W .
For the last statement, observe that if U ∈ UZ is Γ-invariant, then (f×f)−1(U)
is a Γ-invariant neighborhood of ∆Y , hence belongs to UY . 
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Definition 2.4. (Roe) Let M be a locally compact topological space. A coarse
structure on M is a collection E of subsets of M ×M , called entourages, that
have the following properties:
(a) for any entourages A and B, A−1 and A ◦B are entourages;
(b) any subset of an entourage is an entourage;
(c) every compact subset of M ×M is an entourage.
Definition 2.5. A uniform-coarse structure on a locally compact space M is a
pair (E ,U) consisting of a coarse structure E , a uniform structure U , such that
given U ∈ U there exists V ⊂ U such that V ∈ U ∩ E .
For instance if d is a proper distance of M (meaning that every closed ball is
compact) then, with the coarse structure given by E ∈ E ⇐⇒ d|E is bounded,
and with the canonical uniform structure, M becomes a uniform-coarse space,
which is proper (in the sense that for all E ∈ E , the projection maps E¯ → M are
proper).
For most of the rest of the paper, we will deal with uniform-coarse structures
which come from a metric. Indeed, most locally compact spaces we will work
with are metrizable (recall that a locally compact space X is metrizable if and
only if C0(X) is separable, if and only if X is second-countable, meaning that its
topology has a countable basis). Moreover, we have the following proposition.
Proposition 2.6. Let Γ be a locally compact group acting properly on a locally
compact space Y such that Y/Γ is compact. There is one and only one uniform-
coarse structure on Y which is proper and Γ-invariant (a coarse structure is
Γ-invariant if every entourage is contained in a Γ-invariant one): entourages
consist of sets E ⊂ Y × Y which are Γ-relatively compact (i.e. contained in
a Γ -invariant, Γ-compact set). Moreover, if Γ is discrete then there exists a
Γ-invariant (proper) distance on Y which induces the above-mentioned uniform-
coarse structure.
Proof. To show the existence part in the first assertion, we have to prove that
every Γ-invariant neighborhood of ∆ contains a Γ-compact Γ-invariant neigh-
borhood of ∆. This follows from the fact that Γ-invariant open sets in Y × Y
correspond to open subsets of (Y ×Y )/Γ, and that (Y ×Y )/Γ is locally compact.
To show uniqueness, let E ′ = {E ⊂ Y × Y Γ− relatively compact}.
Let (U , E) be a uniform-coarse proper Γ-invariant structure. Since Y is Γ-
compact, we have E ⊂ E ′.
Conversely, since E contains all compact subsets (by definition of a coarse
structure) and is Γ-invariant, we have E ′ ⊂ E .
Let us show the last assertion. Let d be a distance on Y . After replacing d(x, y)
by d(x, y) + |ϕ(x)− ϕ(y)| where ϕ : Y → R is a proper continuous function, we
may assume that d is a proper distance. Choose y0 ∈ Y and R > 0 such that
KΓ = Y , where K is the closed ball B˜(y0, R). For all n ≥ 1, let (cn,i)1≤i≤in be
a finite family of functions cn,i ∈ Cc(Y )+ such that diam (supp cn,i) ≤ 2−n and
THE COARSE BAUM–CONNES CONJECTURE AND GROUPOIDS II 5
K ⊂ ∪ini=1c−1n,i(R∗) and supy∈Y
∑
γ cn,i(yγ) ≤ 2−n−i. Consider
d1(y, y
′) =
∑
n,i
∫
|cn,i(yγ)− cn,i(y′γ)| dγ.
Then d1 is a Γ-invariant distance. To see this, the only non-obvious part is to
check that if d1(y, y
′) = 0 then y = y′. Let L = B˜(y0, R + 1). Let F be the
closure of {γ ∈ Γ| Lγ ∩ L 6= ∅}. Then F is finite. For all n, there exists γn ∈ Γ
such that cn,i(yγn) 6= 0. Since cn,i(y′γn) 6= 0, it follows that d(yγn, y′γn) ≤ 2−n.
Since F is finite, there exists γ ∈ F such that d(yγ, y′γ) = 0, so that y = y′.
Let c ∈ Cc(Y )+ such that
∑
γ c(yγ) = 1 for all y. Let Pr(Γ) the simplicial
set such that simplices consist of subsets of Γ of diameter ≤ r. Then µ : y 7→∑
γ c(yγ)δγ determines a Γ-equivariant map from Y → Pr(Γ) for some r, thus
determines a function d2 : Y × Y → R+ which satisfies all the properties of a
proper Γ-invariant distance except perhaps for the separation axiom. Then d1+d2
is a Γ-invariant distance on Y . 
Definition 2.7. Let X be a metric space. We say that X is ULF (uniformly
locally finite) if for all R > 0, supx∈X #B(x,R) < +∞.
Definition 2.8. A metric space X is δ-separated (resp. strictly δ-separated) if
d(x, y) ≥ δ (resp. d(x, y) > δ) for all x 6= y ∈ X .
Definition 2.9. Let M be a metric space. A subset X is said to be ε-dense
(resp. strictly ε-dense) if for all m ∈M , d(m,X) < ε.
Definition 2.10. A metric space M is said to have bounded geometry if for all
ε > 0 there exists a subspace X which is ε-dense and ULF.
Example 2.11. Let M be a compact Riemannian manifold. Then the universal
cover of M has bounded geometry.
Proof. Let Γ be the fundamental group of M . Let π : M˜ → M be the natural
projection. Let X ⊂ M finite such that ∪x∈XB(x, ε) = M . Let X˜ = π−1(X).
Then X˜ is ε-dense. Moreover, it is a finite union of Γ-orbits, thus it is ULF. 
Lemma 2.12. Let M be a bounded geometry metric space. Then for all R > 0
and all ε > 0, there exists n ∈ N such that for every nonempty subset A of M of
diameter ≤ R, there exist a1, . . . , an ∈ A such that A ⊂ ∪ni=1B˜(ai, ε).
Proof. Let X ⊂ M ULF and ε/2-dense. Let Y = {x ∈ X| d(x,A) < ε/2}. Let n
such that for all Z ⊂ X of diameter ≤ R + ε, we have #Z ≤ n.
For all x ∈ Y , choose f(x) ∈ A such that d(x, f(x)) ≤ ε/2. Let B = f(Y ).
Then #B ≤ n, and A ⊂ ∪b∈BB˜(b, ε). 
Lemma 2.13. Let N be an integer. Let ∆ a graph such that each vertex has at
most N − 1 neighbors. Then one can color the vertices using at most N colors,
so that two neighboring vertices have different colors.
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Proof. We may assume that the graph is connected, hence countable. Label the
vertices as {x0, x1, . . .}. Suppose colors have been attributed to x0, . . . , xn. Let
An be the set of colors of those xi’s (i ≤ n) which are adjacent to xn+1. Since
#An ≤ N − 1, one can give to xn+1 a color which does not belong to An. 
Proposition 2.14. Let R > 0 and N ∈ N. Let X be a metric space such that
every ball of radius R has at most N elements. Then there exists a decomposition
X = X1 ∪ · · · ∪XN into N strictly R-separated spaces.
Proof. Apply the preceding lemma to the graph whose vertex set is X , such that
(x, y) is an edge if and only if x 6= y and d(x, y) ≤ R. 
We denote by UCb(M) the algebra of bounded, uniformly continuous functions
on M . This is a (usually non-separable) abelian C∗-algebra. Let βuM be its
spectrum. Note that M is an open dense subset of the compact set βuM .
The following property will be needed later:
Lemma 2.15. Let F be a closed subset of a locally compact metric space M .
Then the restriction map UCb(M)→ UCb(F ) is surjective (and thus βuF can be
identified with the closure of F in βuM).
Proof. Let f ∈ UCb(F ). Let r(x) = d(x, F ). Define
g(x) =
{
f(x) if x ∈ F
1
r(x)
∫ 2r(x)
r(x)
infB˜(x,t)∩F f dt otherwise.
We show that g is uniformly continuous. After translating and rescaling, we
may assume that 0 ≤ f ≤ 1. Let ε ∈ (0, 1). There exists η ∈ (0, ε) such that
d(x, y) < η =⇒ |f(x)− f(y)| < ε. Let x, y ∈M such that d(x, y) ≤ η2/100.
1st case : suppose r(x) ≥ η/5. Let h(z) = ∫ 2r(z)
r(z)
infB˜(z,t)∩F f dt.
h(x) =
∫
r(x)r(x)+2d(x,y) inf
B˜(x,t)∩F
f dt+
∫ 2r(x)
r(x)+2d(x,y)
inf
B˜(x,t)∩F
f dt
≤ 2d(x, y) +
∫ 2r(x)−d(x,y)
r(x)+d(x,y)
inf
B˜(x,t+d(x,y))∩F
f dt
≤ 2d(x, y) +
∫ 2r(x)−d(x,y)
r(x)+d(x,y)
inf
B˜(y,t)∩F
f dt
≤ 3d(x, y) + h(y)
and similarly h(y) ≤ 3d(x, y) + h(x), so |h(x)− h(y)| ≤ 3d(x, y).
THE COARSE BAUM–CONNES CONJECTURE AND GROUPOIDS II 7
|g(x)− g(y)| =
∣∣∣∣h(x)r(y)− h(y)r(x)r(x)r(y)
∣∣∣∣
≤ |h(x)− h(y)|r(x) + |h(x)| |r(x)− r(y)|
r(x)r(y)
≤ 3d(x, y)
r(x)− d(x, y) +
d(x, y)
r(x)− d(x, y)
=
4d(x, y)
r(x)− d(x, y) ≤
4η2/100
η/5− η2/100 ≤ ε.
2nd case: if r(y) ≥ η/5 then similarly |g(x)− g(y)| ≤ ε.
3rd case: suppose that r(x) ,r(y) < η/5. We treat the case r(x) > 0 and
r(y) > 0, the case r(x) = 0 or r(y) = 0 being similar.
∀t ∈ [r(x), 2r(x)], ∀s ∈ [r(y), 2r(y)], ∀u ∈ B˜(x, t) ∩ F , ∀v ∈ B˜(y, s) ∩ F ,
d(u, v) ≤ d(u, x) + d(x, y) + d(y, v) ≤ t + η2/100 + s ≤ 4η/5 + η2/100 ≤ η, so
|g(x)− g(y)| ≤ ε.
This completes the proof that g is uniformly continuous. It is obviously
bounded and extends f , so f is in the image of UCb(M)→ UCb(F ). 
Proposition 2.16. Let M be a locally compact metric space, and let δ > 0. The
following are equivalent:
(i) M has bounded geometry;
(ii) βuM = ∪X ULF,X⊂MX¯;
(iii) βuM = ∪X ULF, δ−sep., X⊂MX¯.
Proof. (iii) =⇒ (ii) is obvious. To show the converse, we use the fact that if X is
ULF then it is a finite union of δ-separated spaces (see Proposition 2.14 ).
Let us show (i) =⇒ (ii). Let α ∈ βuM . Choose X0 ⊂ M ULF, 1-dense.
From the preceding lemma, there exists n1 ∈ N, and for all x ∈ X0 there exist
a
(1)
1 (x), . . . , a
(1)
n1 (x) ∈ B˜(x, 1) such that B˜(x, 1) ⊂ ∪iB˜(a(1)i (x), 1/2). Let B1,i(x) =
B˜(a
(1)
i (x), 1/2)∩B˜(x, 1) and Ai = ∪x∈X0B1,i(x), thenM = ∪n1i=1Ai, so there exists
i1 such that α ∈ A¯i1 . Let B1(x) = B1,i1(x). Continuing in the same way, we cover
B1(x) by balls of radius 1/4, etc. and thus we get Bk(x) ⊂ Bk−1(x) ⊂ · · · ⊂
B˜(x, 1) compact such that α ∈ ∪x∈X0Bk(x) and Bk(x) is of diameter ≤ 21−k. Let
Y = ∪x∈X0∩k≥1Bk(x). Obviously, Y is ULF. We want to show that α ∈ Y¯ . If this
was not the case, there would exist f ∈ UCb(M) such that f(α) = 1 and f|Y = 0.
By uniform continuity, we get f ≤ 1/2 on ∪x∈X0Bk(x) for k large enough, and
by continuity of f at α we get f(α) ≤ 1/2. Contradiction.
Let us show (ii) =⇒ (i). Suppose that for some R > 0, ULF subsets are not
R-dense. For all X ⊂M ULF, denote by fX the function fX(x) =
(
1− d(x,X)
R
)
+
.
Then f ∈ UCb(M). We identify f with a continuous function on βuM . Let
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FX = {x ∈ βuM | fX(x) = 0}. Since X is not R-dense, FX is a nonempty closed
subset of βuM . Moreover, if X ⊂ Y then FX ⊃ FY . By compactness of βuM ,
there exists α ∈ βuM such that α ∈ FX for all X ⊂ M ULF. Since fX(α) = 0
and fX = 1 on X , we have α /∈ X¯ for all X ⊂M ULF. 
From now on, (M, d) denotes a bounded geometry locally compact proper
metric space. To understand better the topology of βuM , we describe a basis of
neighborhoods for each point of βuM .
Proposition 2.17. Let (M, d) be a bounded geometry, locally compact proper
metric space. Let α ∈ βuM . Choose X ⊂ M δ-separated such that α ∈ X¯. For
each Y ⊂ X such that α ∈ Y¯ and each ε > 0, let NY,ε = B(Y, ε). Then the NY,ε
constitute a basis of neighborhoods of α.
Proof. Let W be a neighborhood of α. There exists f ∈ UCb(M) such that
f(α) = 1 and f is supported in W . Let ε > 0 such that d(x, y) ≤ ε implies
|f(x) − f(y)| ≤ 1/3. Let Y = {x ∈ X| f(x) ≥ 2/3}. Then α ∈ Y¯ , and for
all x ∈ B(Y, ε) we have f(x) ≥ 1/3, so f ≥ 1/3 on NY,ε, which implies that
NY,ε ⊂W .
Conversely, if Y and ε are as in the proposition, let f(x) = (1−d(x, Y ))+. Since
f ∈ UCb(M), f extends to a continuous function h on βuM . Since h(α) = 1,
U = h−1((1 − ε, 1]) is an open neighborhood of α. Moreover, U ∩M = B(Y, ε),
so for all β ∈ U and for every open neighborhood V of β, we have V ∩B(Y, ε) =
(V ∩ U) ∩ M 6= ∅, which shows that β ∈ B(Y, ε) = NY,ε, for all β ∈ U , i.e.
U ⊂ NY,ε. This shows that NY,ε is a neighborhood of α. 
Our goal is now to define a groupoid associated to a locally compact proper
bounded geometry metric space (M, d).
We need some preliminaries.
Let AM be the abelian C
∗-algebra consisting of f ∈ UCb(M×M) such that for
all ε > 0 there exists an entourage E ∈ E such that |f | ≤ ε outside E. We define
G(M) as the spectrum of AM . Since C0(M ×M) is an essential ideal of AM ,
M ×M is a dense open subset of G(M). Our goal is to show that the groupoid
product (x, y)(y, z) = (x, z) on M ×M extends by continuity to G(M).
Lemma 2.18. Let X be a closed subspace of M . The restriction map AM → AX
is surjective, and identifies G(X) with the closure of X ×X in G(M).
Proof. Given an entourage E, let AM,E be the set of all f ∈ AM such that f = 0
outside E. We will write AX,E instead of AX,E∩(X×X) for simplicity. Clearly, the
union of all AM,E is dense in AM , so it suffices to show that every f ∈ AX,E is the
restriction of some element in AM . Indeed, since f ∈ UCb(X × X), we already
know (Lemma 2.15) that f is the restriction of some function g ∈ UCb(M ×M).
Let h(z) = g(z)(1 − d(z, E))+. Then h|X×X = f and h ∈ AM . This shows the
first assertion, thus G(X) is a subspace of G(M). Since X×X is dense in G(X),
G(X) is the closure of X ×X in G(M). 
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Lemma 2.19. LetM and N be two bounded geometry metric spaces, and A ⊂M .
Then M ×N and A have bounded geometry.
Proof. The first assertion is clear. Let us prove the second one. Let R > 0.
Choose an ULF subspace X ofM which is R/3-dense. Let f : X → A a map such
that d(f(x), x) ≤ 2d(x,A) for all x. We show that Y = {f(x)| x ∈ X, d(x,A) ≤
R/3} is R-dense and ULF.
For all a ∈ A, there exists x ∈ X such that d(a, x) ≤ R/3. Then d(a, f(x)) ≤
d(a, x) + d(x, f(x)) ≤ R/3 + 2d(x,A) ≤ R, so Y is R-dense.
BY (f(x), S) ⊂ Y ∩ B(x, S + 2R/3) ⊂ {f(x′)| d(x, x′) ≤ 2R/3 + S + 2R/3} =
f(B(x, S + 4R/3))), so Y is ULF. 
Lemma 2.20. LetM be a bounded geometry, locally compact proper metric space.
G(M) = ∪E¯, where E runs over all entourages.
Proof. Let α ∈ G(M). There exists f ∈ AM such that f(α) = 1. Let E =
{z| f(z) > 1/2}, then E is an entourage. Moreover, α ∈ M ×M = E¯ ∪
{z| f(z) ≤ 1/2}. Since α /∈ {z| f(z) ≤ 1/2}, it follows that α ∈ E¯. 
Proposition 2.21. Let M be a bounded geometry, locally compact proper metric
space. Then G(M) = ∪X⊂M ULFG(X).
Proof. Let α ∈ G(M). According to Lemma 2.20, there exists a closed entourage
E such that α ∈ E¯. We want to show that α is in X ×X for some X ⊂ M
which is ULF. First, E has bounded geometry since it is a subspace of M ×M
(see Lemma 2.19).
According to Proposition 2.16, there exists Y ⊂ E ULF such that α ∈ Y¯ . Let
X = pr1(Y )∪pr2(Y ). Since α ∈ X ×X , it just remains to prove that X is ULF.
Let us show for instance that X1 := pr1(X) is ULF. Let S = supE d. If (x, y),
(x′, y′) ∈ Y satisfy d(x, x′) ≤ R then d(x, x′) + d(y, y′) ≤ R+R+ 2S = 2R+2S,
so BX1(x,R) ⊂ pr1(BY (y, 2R+ 2S)). 
Lemma 2.22. Let X be a ULF metric space. Let g1, . . . , gn ∈ G(X). Then there
exists δ > 0 and X ′ ⊂ X δ-separated such that g1, . . . , gn ∈ G(X ′).
Proof. We use an induction over n. For n = 0 there is nothing to prove. Suppose
that there exists X ′ ⊂ X δ-separated such that gi ∈ G(X ′) for all i < n. Let N
such that balls of radius δ have at most N elements. Choose ε ∈ (0, δ/N). We
define an equivalence relation x ∼ y on X if there exists k and x = x0, . . . , xk = y
such that d(xi, xi+1) ≤ ε. Let Xi (i ∈ I) be the equivalence classes. We have
diam (Xi) < δ, and d(Xi, Xj) > ε if i 6= j.
Let J = {i ∈ I| Xi ∩X ′ 6= ∅}. As X ′ is δ-separated, for all i ∈ J there exists
xi such that Xi ∩X ′ = {xi}.
Let f1(x, y) = min(d(x,X
′), 1), f2(x, y) = min(d(y,X
′), 1) and f = max(f1, f2).
Since f1 and f2 are uniformly continuous and bounded, they are multipliers of
AX , thus they extend to continuous and bounded functions h1 and h2 on G(X).
Let h = max(h1, h2).
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1st case: Suppose that h(gn) = 0. If gn /∈ X ′ ×X ′, then there exists ϕ :
X × X → R uniformly continuous such that ϕ(gn) = 1 and ϕ = 0 on X ′ × X ′.
Since ϕ is uniformly continuous, there exists η ∈ (0, 1) such that f(x, y) < η
implies ϕ(x, y) ≤ 1/2. As a consequence, gn /∈ {(x, y)| f(x, y) < η}, so that
gn ∈ {(x, y)| f(x, y) ≥ η}. By continuity of h we get h(gn) ≥ η. Contradiction.
This shown that gn ∈ X ′ ×X ′.
2nd case: h(gn) > 0. Suppose for definiteness that h1(gn) > 0. Let η ∈
(0, h1(gn)). Then gn /∈ {(x, y)| f1(x, y) ≤ η}, so gn ∈ {(x, y)| f1(x, y) ≥ η}. For
all i ∈ I, let xi,1, . . . , xi,ni be the elements of Xi such that d(xi,λ, X ′) ≥ η. We
have ni ≤ N for all i. Let Yλ = {xi,λ| i ∈ I}. Since gn ∈ (∪λYλ)×X , there exists
λ such that gn ∈ Yλ×X . After replacing δ by min(δ, η, ε) and X ′ by X ′ ∪Yλ, we
can assume that gn ∈ X ′ ×X , thus that h1(gn) = 0. Similarly, we can assume
that h2(gn) = 0, so we are reduced to the first case treated above. 
Let us now define the product on the groupoid G(M). First, the source map
s(x, y) = y for the pair groupoidM×M defines a map UCb(M)→ UCb(M×M),
thus a map βu(M ×M)→ βuM . In particular, s extends continuously to a map
s : G(M)→ βuM .
If (g, h) ∈ G(M)2 is a composable pair, from Lemma 2.22 there exists X ULF
δ-separated such that (g, h) ∈ G(X). Since G(X) is a groupoid [6], we can define
the product in the groupoid G(X) ⊂ G(M). Let us show that the product does
not depend on the choice of X . Suppose that X ′ and X ′′ are δ-separated and
that g, h ∈ G(X ′) ∩G(X ′′).
Lemma 2.23. Let α ∈ X¯ ′ ∩ X¯ ′′. For all ε > 0, let
X ′ε = {x ∈ X ′| d(x,X ′′) ≤ ε}
X ′′ε = {x ∈ X ′′| d(x,X ′) ≤ ε}.
Then α ∈ X¯ ′ε ∩ X¯ ′′ε .
Proof. We can assume 0 < ε < min(1, δ/2). Since f(x) = max(d(x,X ′′), 1) is
uniformly continous, it extends to h ∈ C(βuM). Since h = 0 on X ′′ and α ∈ X ′′,
we have h(α) = 0, so α /∈ f−1([ε, 1]). Thus, α ∈ X ′ε and similarly, α ∈ X ′′ε . 
Applying Lemma 2.23 to X×X and X ′×X ′, we see that g, h ∈ G(X ′ε)∩G(X ′′ε ).
Now, for ε < δ/2, there exists a unique bijection ϕε : X
′
ε → X ′′ε such that
d(x, ϕε(x)) ≤ ε for all x ∈ X ′ε. This induces an isomorphism of groupoids,
again denoted by ϕε. Let γ
′ (resp. γ′′) be the product of g and h computed in
G(X ′) (resp. G(X ′′)). Since γ′′ = ϕε(γ
′), it suffices to show that ϕε(g) = g and
ϕε(h) = h. Let us show for instance ϕε(g) = g. Note that ϕε(g) does not depend
on ε. If ϕε(g) 6= g then there exists h ∈ UCb(M×M) such that h(ϕε(g)) = 0 and
h(g) = 1. Let ε ∈ (0, δ/2) such that d(γ1, γ2) ≤ ε =⇒ |h(γ1) − h(γ2)| ≤ 1/2.
Then |h(γ) − h(ϕε(γ))| ≤ 1/2 for all γ ∈ G(X ′ε), so |h(g) = h(ϕε(g))| ≤ 1/2.
Impossible. This completes the proof that the product in G(M) is well-defined.
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Let us show that the product is continuous. Suppose that g, h ∈ G(X) are com-
posable, where X is δ-separated. We want to show that if W is a neighborhood
of gh then there exists a neighborhood U of (g, h) such that for all composable
(g′, h′) ∈ U we have g′h′ ∈ W . Let ϕ ∈ UCb(M × M) such that ϕ(gh) = 1
and ϕ is supported in W . There exists η ∈ (0, δ/2) such that d(x, x′) ≤ η and
d(y, y′) ≤ η imply |ϕ(x, y)− ϕ(x′, y′)| ≤ 1/3.
Choose an entourage E such that g, h ∈ E¯X , where EX = E ∩ (X ×X). From
[6], there exist F1, F2 ⊂ EX such that the source and range maps are injective
on F1 and F2, (g, h) ∈ F1 ×X F2, and ϕ(g′h′) ≥ 2/3 for all (g,′ h′) ∈ F1 ×X F2.
Let F ′i = B(Fi, η), then F¯
′
i are neighborhoods of g and h respectively such that
ϕ(g′′h′′) ≥ 1/3 for all (g′′, h′′) ∈ F ′1 ×M F ′2. By continuity, ϕ(g′′, h′′) ≥ 1/3 for
(g′′, h′′) in a neighborhood of (g, h), which proves that g′′h′′ ∈ W .
This proves that the product in G(M) is continous. The fact that the inverse
map g 7→ g−1 is even simpler.
The groupoid G(M) is σ-compact: indeed, G(M) is the union of
{(x, y) ∈M ×M | d(x, y) ≤ n}.
There exists a Haar system on G(M). To see this, we need a
Lemma 2.24. There exists a measure µ on M such that for all R > 0,
(i) supx∈M µ(B(x,R)) <∞;
(ii) infx∈M µ(B(x,R)) > 0.
Proof. For all n ≥ 1, letXn ⊂M ULF and 1/n-dense. Let an(R) = supx∈Xn #BXn(x,R),
µn =
∑
x∈Xn
δx, cn = 2
−n(1 + an(n))
−1 and µ =
∑
n≥1 cnµn.
Let us prove (i). For all x ∈ M and n ≥ 1, there exists y ∈ Xn such that
d(x, y) ≤ 1. Since µn(B(x,R)) ≤ µn(y, R + 1) = #BXn(y, R + 1) ≤ an(R + 1),
we have µ(B(x,R)) ≤∑∞n=1 2−nan(R + 1)(1 + an(n))−1 <∞.
Let us prove (ii). Let n > 1/R. Then µ(B(x,R)) ≥ cnµn(B(x,R)) ≥ cn >
0. 
Remark 2.25. In fact, the existence of a measure satisfying properties (i) and
(ii) above is equivalent to the fact that M has bounded geometry.
We now define the Haar system as follows.
The C(βuM)-linear map f ∈ Cc(G(M)) 7→ ϕ ∈ C(βuM) = UCb(M) defined
by
ϕ(x) =
∫
M
f(x, y) dµ(y)
defines a Haar system (λx)x∈βuM . Indeed, the fact that ϕ is well-defined is a
consequence of (i), and the fact that λx has support G(M)x is a consequence of
(ii).
Now, we generalize the definition of G(M) to metric spaces that do not neces-
sarily have bounded geometry.
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Definition 2.26. Let M be a metric space. We denote by E ′M (or by E ′ if there
is no ambiguity) the set of entourages that satisfy the following property
∀ε > 0, ∃η > 0, ∃Nε ∈ N, E±1 is covered by at most Nε sets Ei such that for
all x ∈M , Ei ◦ B˜(x, η) is contained in a ball of radius ε.
For instance, if M is endowed with the discrete distance, then E ∈ E ′ if and
only if ∀x ∈M , #Ex +#Ex ≤ C for some C ∈ N.
Definition 2.27. Let M be a metric space. We say that M satisfies property
(BG)R if ∀ε > 0, ∃C ≥ 0 such that ∀x ∈ M , B˜(x,R) is covered by at most C
balls of radius ε.
We want to examine the relationship between property (BG)R and the fact
that ∆R ∈ E ′.
Lemma 2.28. Suppose that M has property (BG)R. Then for all ε > 0, there
exist finitely many strictly R-separated subspaces Y1, . . . , YN whose union Y =
Y1 ∪ · · · ∪ YN is ε-dense.
Proof. Choose Y ⊂ M a maximal ε-separated subspace. By maximality, Y is ε-
dense. By property (BG)R, there exists N such that every ball B˜(a, R) of radius
R is covered by N balls of radius ε/3. Since each of these balls can contain at
most one element of Y , B˜(a, R) ∩ Y has at most N elements. The conclusion
follows from Proposition 2.14. 
Lemma 2.29. Suppose that for all ε > 0 there exists a finite union of R-separated
subspaces Y1 ∪ · · · ∪ YN which is ε-dense. Then for all R′ < R/2, ∆R′ ∈ E ′.
Proof. Choose ε > 0 and η > 0 such that 2(R′ + ε + η) < R. Let Y1, . . . , YN as
in the statement of the lemma. Let Ai = {(y, x) ∈ ∆R′ | ∃y˜ ∈ Yi, d(y, y˜) ≤ ε}.
If a ∈ M and (y, x), (y′, x′) ∈ Ai ◦ B˜(a, η), then d(y, y′) ≤ d(y, x) + d(x, x′) +
d(x′, y′) ≤ 2R′ + 2η, so d(y˜, y˜′) < R. Since Yi is R-separated, we get y˜ = y˜′, so
d(y, y′) ≤ 2ε. We have shown that Ai ◦ B˜(a, η) is contained in a ball of radius 2ε.
If Eij = Ai ∩A−1j , then E±1ij ◦ B˜(a, η) is contained in a ball of radius 2ε. 
Lemma 2.30. If ∆R ∈ E ′ then M satisfies (BG)R.
Proof. Follows from the inclusion B˜(x,R) ⊂ ∆R ◦ B˜(x, η). 
To summarize,
Proposition 2.31. Let M be a metric space. The following assertions are equiv-
alent:
(i) there exists R > 0 such that ∆R ∈ E ′;
(ii) there exists R > 0 such that M has (BG)R;
(iii) there exists R > 0 such that for all ε > 0, there exists an ε-dense subspace
X such that X is a finite union of R-separated spaces.
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Moreover, if M is locally compact and proper then this is equivalent to
(iv) there exists R > 0 such that βuM is the union of X¯, where X runs over
R-separated subspaces.
A space that satisfies the above properties will be said to be locally of bounded
geometry (LBG).
Proof. (i) =⇒ (ii): see Lemma 2.30.
(ii) =⇒ (iii): see Lemma 2.28
(iii) =⇒ (i): see Lemma 2.29
(iv) =⇒ (iii): analogue to Proposition 2.16, (ii) =⇒ (i). Suppose that (iii)
does not hold for some ε > 0. Given any finite union of R-separated subspaces
X , let fX(y) = (ε− d(y,X))+. If X ⊂ Y then f−1X (0) ⊃ f−1Y (0). Moreover, since
X is not ε-dense, f−1X (0) 6= ∅. By compactness, there exists α ∈ βuM such that
fX(α) = 0 for all such X . Since fX = ε on X , by continuity we have α /∈ X¯
(otherwise fX(α) would be equal to α). This is a contradiction.
(i) =⇒ (iv): analogue to Proposition 2.16, (i) =⇒ (ii). Let α ∈ βuM .
Choose a maximal R-separated subspace X . For all ε > 0, there is a decom-
position ∆R = ∪Nεi=1Aεi such that (Aεi )±1 ◦ B˜(a, η) is contained in a ball of radius
ε for all a ∈ M . Since ∆R ◦ X = M , there exists i such that α ∈ Aεi ◦X .
Taking ε = R/2, there exists a family (yx)x∈X satisfying yx ∈ B˜(x,R) such
that α ∈ ∪x∈XB˜(yx, R/2) ∩ B˜(x,R). Similarly, there exist y′x such that α ∈
∪x∈XB˜(y′x, R/4) ∩ B˜(yx, R/2) ∩ B˜(x,R), etc. We may arrange that for all x and
i, the set Yi,x = B˜(y
(i)
x , 2i−1R) ∩ · · · ∩ B˜(x,R) is nonempty. Since M is com-
plete, there exists zx such that ∩iYi,x = {zx}. Let Z = {zx| x ∈ X}. For all
ε > 0, α ∈ B(Z, ε). If α /∈ Z¯ then there exists a uniformly continuous function
f such that f(α) = 1 and f = 0 on Z. By uniform continuity of f , there exists
ε > 0 such that f ≤ 1/2 on B(Z, ε). Since α ∈ B(Z, ε), we have f(α) ≤ 1/2.
Contradiction. 
In the sequel, we assume that the above properties hold. For instance, if M is
discrete and δ-separated then ∆r ∈ E ′ for all r < δ.
We remark that E ′ is a coarse structure which is compatible with the uniform
structure. Moreover, every E ∈ E ′ is contained in an open and controlled set (for
instance ∆r ◦ E ◦∆r).
Let G′(M) = ∪E∈E ′E¯.
The same proof as in Proposition 2.31 shows that ∃R > 0, ∀n ∈ N, G(M) =
∪XG(X)(n), where X runs over R-separated subspaces.
Before we prove the next proposition, we need a few lemmas.
Lemma 2.32. Let M be a locally compact metric space. Let X ⊂M be a closed
subspace. Let fX = inf(d(X, ·), 1). Then X¯ = f−1X (0) in βuM .
Proof. ⊂ is clear. Conversely, if α /∈ X¯ , let us show that fX(α) 6= 0. There exists
f ∈ UCb(M) such that f|X = 0 and f(α) = 1. We have α ∈ {x ∈M | f(x) ≥ 1/2}.
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By uniform continuity, there exists η > 0 such that d(x,X) ≤ η =⇒ f(x) < 1/2.
It follows that α ∈ x ∈M | fX(x) > η}, hence fX(α) ≥ η > 0. 
Lemma 2.33. Let M be a locally compact metric space. Suppose that X, Y ⊂M
are closed subsets such that ∀r > 0, ∃r′ > 0, B˜(X, r′) ∩ B˜(Y, r′) ⊂ B˜(X ∩ Y, r).
Then X¯ ∩ Y¯ = X ∩ Y in βuM .
Proof. ⊃ is clear. Conversely, let α ∈ X¯ ∩ Y¯ . Let r > 0. Choose r′ as in
the statement of the lemma. Since fX(α) < r
′ and fY (α) < r
′, we have α ∈
{x ∈M | fX(x) < r′ and fY (x) < r′} ⊂ B˜(X ∩ Y, r) ⊂ f−1X∩Y ([0, r]). It follows
that fX∩Y (α) = 0. 
Lemma 2.34. Let M be a locally compact metric space. Let X, Y ⊂M be closed
subsets. Then X¯ ∩ Y¯ = ∩r>0X ∩ B˜(Y, r).
Proof. ⊂: let α ∈ X¯∩Y¯ . Then α ∈ X¯ = X ∩ B˜(Y, r) ∪X ∩ B˜(Y, r)cX ∩ B˜(Y, r)∪
X ∩ B˜(Y, r)c. If α belonged to X ∩ B˜(Y, r)c, then α ∈ B˜(Y, r)c, so fY (α) ≥ r.
Impossible. We deduce that α ∈ X ∩ B˜(Y, r) for all r > 0.
⊃: suppose α belongs to the right-hand side. Obviously, α ∈ X¯ . Moreover,
since α ∈ B˜(Y, r), we have fY (α) ≤ r ∀r > 0, so fY (α) = 0. From Lemma 2.33,
α ∈ Y¯ . 
Proposition 2.35. Let X be a closed and δ-separated subset ofM . ThenX ×X∩
G′(M) = G′(X) ⊂ βu(M ×M).
Proof. ⊃ is clear. Let us show ⊂. We choose ε < δ/2. If g ∈ X ×X ∩ G′(M),
then there exists a controlled set A ⊂ M ×M and η > 0 such that the image
by A±1 of any ball of radius η is contained in a ball of radius ε, and g ∈ A¯.
Using Lemma 2.34, for all ε′ > 0 we have g ∈ B¯ where B = (X × X) ∩
B˜(A, ε′). We choose ε′ < min(η/2, δ/2 − ε). If (x, y), (x′, y) ∈ B then there
exist (a1, a2), (a
′
1, a
′
2) ∈ A such that d(a1, x), d(a2, y), d(a′1, x′), d(a′2, y) ≤ ε′. We
have d(a2, a
′
2) ≤ 2ε′ ≤ η, so d(a1, a′1) ≤ 2ε < δ. It follows that a1 = a′1, so
d(x, x′) ≤ 2ε′ + 2ε < δ. Since X is δ-separated, we get x = x′, so the range
map r : B → X is injective. Similarly, the source map s : B → X, (x, y) 7→ y is
injective. We deduce that g ∈ G′(X). 
Proposition 2.36. Let M be a LBG proper metric space. Then G′(M) is open
in G(M), thus is locally compact. Moreover, it has a Haar system.
Proof. Let E ∈ E ′. Let r > 0 such that ∆r ∈ E ′, and let E ′ = ∆r ◦ E ◦ ∆r.
It suffices to prove that E ′ is a neighborhood of E¯ in G(M). This follows from
E¯ ⊂ f−1E ([0, r/3]) ⊂ f−1E ([0, r/2)) ⊂ E ′ (see notation in Lemma 2.32).
The proof of the last assertion is almost the same as in the case of a ULF space,
so we omit it. 
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The drawback of the groupoid G′(M) is that if X ⊂ M is R-dense then the
inclusion G′(X) → G′(M) is not necessarily a Morita equivalence. To remedy
this, we define
Definition 2.37. Let M be a LBG, locally compact proper metric space. We
define G(M) as the union of all E¯, where E ∈ E ′ and r(E), s(E) have bounded
geometry.
An alternative definition is : G(M) = ∪XG(X), where X runs over closed, BG
subspaces.
Lemma 2.38. Let M be a metric space. If X ⊂ M has bounded geometry and
E ∈ E ′, then EX and EX have bounded geometry.
Proof. We prove the first assertion, the second being similar. Let R > 0 and
ε > 0. We want to show that there exists n such that every ball (in X) of radius
R can be covered by n balls of radius ε. Let R′ such that E ⊂ ∆R′ . Let η > 0
such that ∃N , ∀a ∈M , E ◦ B˜(a, η) can be covered by N balls of radius ε.
Let y ∈ EX . There exists x ∈ X such that (y, x) ∈ E. For all y′ ∈ Y ∩ B˜(y, R),
there exists x′ ∈ X such that (y′, x′) ∈ E. Then d(x, x′) ≤ R + 2R′. Now, there
exists N ′ (dependent on η and R + 2R′) such that X ∩ B˜(x,R + 2R′) can be
covered by N ′ balls Bi (on X) of radius η. Since y
′ ∈ ∪iE ◦ Bi, B˜(y, R) can be
covered by NN ′ balls of radius ε. 
Let us denote β ′uM = ∪X¯ , where X runs over all bounded geometry subspaces
X .
Proposition 2.39. Let M be a LBG, proper metric space. Then β ′uM is an open
subspace of βuM which is saturated for the action of G
′(M).
Proof. Let r > 0 such that ∆r ∈ E ′. For all E ∈ E ′ such that s(E) and r(E)
have bounded geometry, E ′ = ∆r ◦ E ◦ ∆r belongs to E ′ and s(E ′), r(E ′) have
bounded geometry thanks to Lemma 2.38. Therefore, E ′ is a neighborhood of E
in G′(M). We deduce that β ′uM is open.
Let us show that β ′uM is saturated. Let g ∈ G′(M) such that s(g) ∈ β ′uM . We
have to show that r(g) ∈ β ′uM .
There exists E ∈ E ′ such that g ∈ E¯. Moreover, there exists a bounded
geometry subspace X such that s(g) ∈ X¯.
By Lemma 2.34, s(g) = s(E) ∩ X¯ = ∩r′>0s(E) ∩ B˜(X, r′). Since g ∈ E¯ =
E ∩ s−1(B˜(X, r′))∪E ∩ s−1(B˜(X, r)c), we must have g ∈ E¯ = E ∩ s−1(B˜(X, r′))
(otherwise s(g) ∈ B˜(X, r′/2) ∩ B˜(X, r′)c = ∅ (see Lemma 2.34).
After replacing E by E∩s−1(B˜(X, r)), we may assume that s(E) has bounded
geometry (since B˜(X, r) = ∆r ◦ X), so r(E) also has bounded geometry (see
Lemma 2.38). We deduce that r(g) ∈ r(E) ⊂ β ′uM . 
From this, we deduce easily
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Proposition 2.40. Let M be a proper, LBG metric space. Then G(M) =
G′(M)β′uM is a locally compact groupoid with Haar system.
Remark : G(M) is generally not σ-compact if M does not have bounded ge-
ometry.
Proposition 2.41. Let M be a proper, LBG metric space. If r > 0 is such
that ∆2r ∈ E ′, then given any closed, r-dense subspace N , the inclusion G(N)→
G(M) is a Morita equivalence.
Proof. Indeed, β ′uN is a closed transversal for G(M). Since G(N) = G(M)
β′uN
β′uN
,
we get the result. 
3. The classifying space for proper actions of an e´tale groupoid
In this section, G denotes a locally compact, σ-compact, e´tale groupoid. Given
a compact subset K of G, let PK(G) be the space of probability measures µ on
G such that for all g, h ∈ supp(µ), r(g) = r(h) and g−1h ∈ K. We endow PK(G)
with the weak-* topology, and the natural left action of G. Note that the support
of µ must be finite, as it is discrete and included in a compact set of the form
C(g) = {gk| k ∈ K, r(k) = s(g)}.
Proposition 3.1. The action of G on PK(G) is proper and cocompact.
Proof. Let us show that the action is proper. If L is a compact subset of G, it is
a standard exercise to check that the set CL = {µ ∈ PK(G)| supp(µ) ⊂ L} is an
exhausting sequence of compact subsets of G. Now, if µ ∈ CL and gµ ∈ CL, then
g belongs to the compact set LL−1 = {hk−1| h, k ∈ L}, so the action is proper.
The action is cocompact since the saturation of CK is equal to PK(G). 
Lemma 3.2. Let Y be a proper and G-compact G-space. Then there exists a
compact subset K of G and a continuous equivariant map Y → PK(G).
Proof. Since the action of G on Y is proper, there exists c ∈ Cc(Y )+ such that∑
g c(yg) = 1. Let µy =
∑
g c(yg)δg. Let L be the support of c. There exists a
compact subset K of G such that ∀(y, g) ∈ Y ×G(0)G, (y, yg) ∈ L×L =⇒ g ∈ K.
Then for all g, h ∈ supp(µy), we have g−1h ∈ K, so y 7→ µy determines an
equivariant map Y → PK(G). 
Before we proceed, we need a few lemmas.
Lemma 3.3. Let a, a′, b be selfadjoint elements of an abelian C∗-algebra, and
ε > 0. Suppose a′(1− a) = 0, −1 ≤ b ≤ 1 and ‖a(1− b2)‖ ≤ ε.
Let h : [−1, 1]→ [−1, 1] continuous such that h(0) = 0, h(t) = −1 on [−1,−1+√
1− ε], and h(t) = 1 on [1−√1− ε, 1]. Let b′ = h(b). Then a′(1− b′2) = 0.
Proof. We may assume that the C∗-algebra is C(X), where X is a compact space.
After evaluating at each point, we may assume that a, a′, b are real numbers. If
a′ 6= 0 then a = 1, so |1− b2| ≤ ε, so b′ = ±1. 
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Lemma 3.4. Let A and B be G-algebras, J a G-invariant ideal of B. Suppose
that [(E , F )] ∈ KKG(B,A) satisfies
(i) j(F 2 − 1) = 0 for all j ∈ J
(ii) [b, F ] = 0 for all b ∈ B.
Let E ′ = {x ∈ E| Jx = 0}. Then F induces F ′ ∈ L(E ′), and (E ′, F ′) determines
an element of KKG(B/J,A) whose image in KKG(B,A) is equal to [(E , F )].
Proof. The first assertion comes from the fact that F commutes with J .
Since BJ ⊂ J , B maps to L(E ′), and this maps obviously factors through B/J .
Clearly, B commutes with F ′. It remains to check that B(F ′2− 1) is compact.
Let T = F 2 − 1. Let b = b∗ ∈ B.
(bT )3 = T (b3T )T ∈ TK(E)T = span{θTξ,Tη| ξ, η ∈ E} (where θξ,η denotes the
rank-one operator ζ 7→ ξ〈η, ζ〉). Now, Tξ, Tη ∈ E ′, so (bT )3 induces an element
of K(E ′). Taking the cubic root, we get that b(F ′2 − 1) is compact. 
Definition 3.5. A map f : X → Y between two topological spaces is said to be
locally injective if X is covered by open subsets U for which f|U is injective.
If Z is a proper G-space and A is a G-algebra, we denote by RKG(Z;A) the
inductive limit of KKG(C0(Y ), A), where Y runs over G-compact subspaces of
Z.
Lemma 3.6. Let G be a locally compact e´tale groupoid. Let Y and T be locally
compact spaces endowed with an action of G, such that the action of G on Y is
proper and cocompact. Assume that the map p : Y → G(0) is locally injective.
Then the natural map RKT⋊G(T × Y ;A) → RKG(Y ;A) induced by the second
projection T × Y → Y is an isomorphism.
Proof. We want to construct a map in the other direction. Let [(E , ϕ, F )] be an
element of RKG(Y ;A).
Let K a compact subset of Y such that KG = Y . There exists a finite open
cover (Ui) of K for which p|Ui is injective. There exist fi ∈ Cc(Y )+ such that
supp(fi) ⊂ Ui andK ⊂ f−1i ((0,+∞)). After replacing fi(y) by fi(y)/
∑
j,g fj(yg),
we can assume that
∑
j,g fj(yg) = 1 for all y ∈ Y .
Consider F ′x =
∑
i,g∈Gx αg(f
1/2
i Fs(g)f
1/2
i ). By construction, F
′ is a self-adjoint
and G-invariant operator. Let us check that it is a compact perturbation of F .
h(F ′x − Fx) =
∑
i,g
g
(
αg(f
1/2
i Fs(g)f
1/2
i )− αg(f 1/2i αg(f 1/2i )αg(Fs(g))
)
+hαg(fi)(αg(Fs(g))− Fr(g)).
Let L = {g ∈ G| ∃i, ∃y ∈ supp(h), fi(yg) 6= 0}. Then L is relatively compact,
and the term in the sum is zero when g /∈ L, so for each x the sum is finite. In
addition, each term is compact, so the sum is compact.
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By local injectivity of Y → G(0), f 1/2i Fs(g)f 1/2i commutes with C0(Ys(g)), so
αg(f
1/2
i Fs(g)f
1/2
i ) commutes with C0(Yr(g)) (where Yx denotes the fiber of Y over
x ∈ G(0)). Therefore, F ′ commutes with C0(Y ).
After replacing F by F ′, we can assume that F is G-invariant and commutes
with C0(Y ). Since A is a C0(T )-algebra, F also commutes with the action of
C0(T ), so F is an endomorphism of the left C0(T ×G(0) Y )-module E . We can also
assume that −1 ≤ F ≤ 1.
Let f, f ′ ∈ Cc(Y )+ such that f ′ = 1 on K and f = 1 on the support of f ′.
Let ε ∈ (0, 1). Since f(1 − F 2) is compact, there exists a compact set L ⊂ T
such that ‖f(1 − F 2)t‖ ≤ ε for all t ∈ T − L. Let F ′ = h(F ) where h is like in
Lemma 3.3, then f ′(1− F ′2)t = 0 for all t /∈ L.
Let us show that ϕ(1 − F 2) = 0 for all ϕ ∈ Cc(T ×G(0) Y ) supported outside
L ×G(0) K. Since ϕ is a finite sum of functions ϕi supported in sets of the
form U ×G(0) V , where U and V are open, relatively compact sets, which are
domains of local homeomorphisms coming from some element gi ∈ G such that
(U ×G(0) V )g ⊂ Lc × supp(f ′), we may assume that ϕ is equal to one of those
ϕi’s. Choose h1 ∈ Cc(T )+ and h2 ∈ Cc(Y )+ such that U = h−11 (R∗+) and V =
h−12 (R
∗
+). Since (t, y) 7→ h1(tg−1)h2(yg−1) is zero outside Lc × supp(f ′), we have
g · (h1⊗ h2)(1−F ′2) = 0. By G-invariance of F ′, we have (h1⊗ h2)(1−F ′2) = 0.
We deduce that ϕ(1− F ′2) = 0.
Now, let Y ′ be the saturation of L ×G(0) K. Using Lemma 3.4 for B =
C0(T ×G(0) Y ) and J = C0(T ×G(0) Y −Y ′), we get an element of RKG(Y ′;A). In
fact, the construction of Lemma 3.4 yields an element of RKT⋊G(Y
′;A), and one
easily checks that the map RKG(Y ;A) → RKT⋊G(Y ′;A) is inverse to the map
RKT⋊G(Y
′;A)→ RKG(Y ;A). 
Definition 3.7. Let G be a locally compact groupoid. A G-simplicial complex
of dimension ≤ n is a pair (X,∆) given by
(i) a locally compact spaceX (the set of vertices), with an action of G relative
to a locally injective map p : X → G(0);
(ii) a closed, G-invariant subset ∆ of the space of measures on X (endowed
with the weak-∗ topology), such that each element of ∆ is a probability
measure whose support (called a simplex) has at most n + 1 elements
and is a subset of one of the fibers of p. In addition, we require that if
supp(µ) ⊂ supp(ν) and ν ∈ ∆, then µ ∈ ∆.
The G-simplicial complex is typed if there is a discrete set T (the set of types)
and a G-invariant, continuous map τ : X → T such that the restriction of τ to
any simplex is injective.
It is not hard to see that ∆ is locally compact, and that if G acts properly on
X then it acts properly on ∆.
The barycentric subdivision (X ′,∆′) is the G-simplicial complex whose vertex
set consists of the centers of simplices of ∆, such that S = {ν0, . . . , νk} is a
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simplex if and only if the union of the supports of νi is a simplex of ∆. Using
local injectivity of p, we see that X ′ is a closed subspace of ∆, so that G acts
properly on X ′. It is clear that X ′ → G(0) is also locally injective.
This construction shows that if a G-space has a structure of G-simplicial com-
plex, then it has the structure of typed G-simplicial complex.
Let us introduce the following notation: if A is a G-algebra, then BC(G;A)
means that G satisfies the Baum–Connes conjecture with coefficients in A.
We now prove the following generalization of [2]:
Theorem 3.8. Let G be a locally compact, second-countable e´tale groupoid, T
a locally compact, second-countable G-space, and A a T ⋊ G-algebra. Then the
canonical map
Ktop∗ (T ⋊G;A)→ Ktop∗ (G;A)
is an isomorphism. As a consequence, BC(G;A) ⇐⇒ BC(T ⋊G;A)
Proof. This amounts to showing that RKT⋊G(T ×G(0) Z;A)→ RKG(Z;A) is an
isomorphism when Z = EG is the classifying space for proper actions of G. Using
Lemma 3.2, it suffices to prove this for Z = PK(G). Since PK(G) is a proper,
G-compact G-simplicial complex of dimension n = sup{#GxK | x ∈ K}, it suffices
to show the isomorphism for any typed, proper G-compact G-simplicial complex.
We proceed by induction on the dimension n. For n = 0, this is the content of
Lemma 3.6.
Suppose the result is true in dimensions < n. Let Z by a typed, proper G-
compact G-simplicial complex of dimension n and let F be its n−1-skeleton. Let
U = Z − F . Consider the diagram
· · ·

· · ·

RKT⋊G(T ×G(0) F,A) //

RKG(F,A)

RKT⋊G(T ×G(0) Z,A) //

RKG(Z,A)

limY KKG(C0(Y ∩ (T ×G(0) U), A) //

KKG(C0(U), A)
· · · · · ·
where the inductive limit is over G-compact subspaces of T ×G(0) Z.
The columns are exact thanks to Lemma 3.9 below.
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The first horizontal arrow is an isomorphism, thanks to the induction assump-
tion, so in order to use the five-lemma, we need to show that
lim
Y
KKG(C0(Y ∩ (T ×G(0) U)), A)→ KKG(C0(U), A)
is an isomorphism.
Let Z ′ be the set of centers of n-simplices. Since the simplicial complex is
typed, U is isomorphic to Z ′ × Rn, so the right-hand side is RKnG(Z ′;A).
Intersections of T ×G(0) U by G-compact subspaces of T ×G(0) Z correspond to
intersections of T ×G(0) Z ′ × Rn with closed subsets of sets of the form Y ′ × Rn
with Y ′ ⊂ T ×G(0) Z ′ G-compact. Therefore, the left-hand side is isomorphic to
limY ′ KKT⋊G(C0(Y
′ × Rn), A) = RKnT⋊G(T ×G(0) Z ′;A). The assertion follows
from Lemma 3.6. 
In the proof of the above theorem, we used :
Lemma 3.9. Let G is a locally compact, second-countable groupoid with Haar
system, Z is a second-countable, proper G-space, F a G-invariant subset of Z
and U its complementary, then for any G-algebra A there is a six-term exact
sequence
KKG(C0(F ), A) // KKG(C0(Z), A) // KKG(C0(U), A)

KK1G(C0(U), A)
OO
KK1G(C0(Z), A)
oo KK1G(C0(F ), A)
oo
Proof. This is a consequence of [8, Corollaire 5.2] and the proof of [4, The´ore`me 5.2].

Theorem 3.10. Let H ≤ G be locally compact, second-countable e´tale groupoids
(with H closed in G). If G satisfies the Baum-Connes conjecture with coefficients,
then H satisfies the Baum-Connes conjecture with coefficients.
Proof. The proof is the same as in [2]. 
Now, we want to remove the second-countability assumption.
Lemma 3.11. Let G be a locally compact, second-countable, e´tale groupoid. Sup-
pose that G acts on a σ-unital C∗-algebra A. Then there exists a sub-C∗-algebra
B, invariant by G, which contains an approximate unit for A.
Proof. Let (Ui) and (U
′
i) be countable families of open subsets of G such that
Ui ⊂ U ′i , G = ∪iUi, {Ui} is stable by the inversion map, and r and s induce
homeomorphisms from U ′i onto their respective imagesW
′
i and V
′
i . Let Vi = s(Ui)
and Wi = r(Ui). View Ui as a homeomorphism from Vi to Wi. We consider A as
an upper semi-continuous field of C∗-algebras over G(0). Denote by AVi the set
of restrictions of elements of A to Vi. Then Ui induces an isomorphism from AVi
to AWi.
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Let (an) be a countable approximate unit of A. Let X0 = {an| n ∈ N}. Let
X1 be a countable subset of A such that for all i and all n, an|Vi is the restriction
to Wi of an element of X1. In the same way, we define X2, X3, etc. Then the
C∗-algebra B generated by ∪nXn satisfies the required properties. 
Proposition 3.12. Let G be a locally compact, second-countable, e´tale groupoid.
Suppose that G acts on a locally compact, σ-compact space T . Then there exists a
locally compact, second-countable space T ′ with an action of G, and a continuous
proper equivariant map T → T ′ with dense image.
Proof. We apply the preceding lemma to A = C0(T ). There exists a G-invariant
separable subalgebra B containing an approximate unit. If T ′ denotes the spec-
trum of the abelian C∗-algebra B, then the inclusion B → A induces a map
T → T ′ with the required properties. 
Theorem 3.13. Let G be a locally compact groupoid isomorphic to X⋊G′, where
X is a locally compact, σ-compact space and G′ is a locally compact, second-
countable and e´tale groupoid. We assume that the anchor map X → G′(0) of the
action is proper. Let T be a locally compact, σ-compact G-space. Let A be a
T ⋊G-algebra. Then BC(G;A) ⇐⇒ BC(T ⋊G;A).
Proof. Let T ′ as in Proposition 3.12. We note that BC(T ⋊G′;A) ⇐⇒ BC(T ′⋊
G′;A). To see this, we have to show that the forgetful functor from RKT⋊G′(Y ;A)
to RKT ′⋊G′(Y
′;A) is an isomorphism, where Y ′ ⊂ T ′ ×G(0) EG is G-compact
and Y is its inverse image in T ×G(0) EG. (Note that Y is G-compact thanks
to the properness assumption of Y → Y ′). Let [(E,ϕ, F )] be an element of
RKT ′⋊G′(Y
′;A). Let (fi) be an approximate unit of C0(T
′). For all h ∈ C0(EG),
the operator ϕ(fi ⊗ h)(F 2 − 1) is compact. It follows that ϕ(f ⊗ f)(F 2 − 1) is
compact for all f ∈ C0(T ) (since fi is an approximate unit in C0(T )). Using a
similar argument for [fi⊗ h, F ] = fi[h, F ], we find that [(E,ϕ, F )] determines an
element of RKT⋊G′(Y ;A).
This proves the assertion BC(T ⋊ G′;A) ⇐⇒ BC(T ′ ⋊ G′;A). Similarly,
BC(G′;A) ⇐⇒ BC(G(0)⋊G′;A). Moreover, from Theorem 3.8, we get BC(G′;A) ⇐⇒
BC(T ′ ⋊G′;A). Combining these three equivalences, we get the conclusion. 
As above, we deduce the following generalization of Theorem 3.10.
Theorem 3.14. Let G be a locally compact groupoid isomorphic to X⋊G′, where
X is a locally compact, σ-compact space and G′ is a locally compact, second-
countable and e´tale groupoid. We assume that the anchor map X → G′(0) of the
action is proper. Let H be a closed, e´tale subgroupoid of G. If G satisfies the
Baum-Connes conjecture with coefficients, then H also satisfies the Baum-Connes
conjecture with coefficients.
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4. The coarse Baum–Connes conjecture with coefficients
Definition 4.1. Let M be a LBG, proper metric space. We say that M sat-
isfies the coarse Baum–Connes conjecture (resp. the coarse Baum–Connes with
coefficients) if the groupoid G(M) satisfies the Baum–Connes conjecture with co-
efficients in the C∗-algebra UCb(M,K) (resp. the Baum–Connes conjecture with
arbitrary coefficients).
We define analogously the full coarse Baum–Connes conjecture (see also [5])
and the full coarse Baum–Connes conjecture with coefficients.
Note that if r > 0, and if X is a maximal r-separated subspace, then βX is a
complete transversal, soG(X) is Morita equivalent toG(M). Since BC(G(M);UCb(M,K))
is equivalent to BC(G(X); ℓ∞(X,K)), the coarse Baum–Connes conjecture forM
coincides with the usual one [6] when M has bounded geometry.
Theorem 4.2. LetM be a bounded geometry, proper metric space and N a closed
subspace. If M satisfies the coarse Baum–Connes conjecture with coefficients
then N also does. A similar assertion holds for the full coarse Baum–Connes
conjecture.
Proof. LetX ⊂M be a maximal 1-separated subspace. Let Y = {x ∈ X| d(x,N) ≤
1}. Since G(X) is Morita equivalent to G(M), it satisfies BCcoef . From [6], the
groupoid G(X) satisfies the conditions of Theorem 3.14. Since G(Y ) is a closed
subgroupoid of G(X), it also satisfies BCcoef . Finally, G(N) satisfies BCcoef since
it is Morita equivalent to G(Y ).
The proof for the full coarse Baum–Connes conjecture is similar. 
Our goal is now to examine the question of finding a “descent principle”. It is
known that if Γ is a (torsion free) discrete group whose classifying space BΓ is a
finite CW-complex, the coarse Baum–Connes conjecture for the underlying metric
space of Γ implies that the Baum–Connes map for the group Γ is injective, but it is
not known whether one can extend this descent principle to more general groups
(such as groups with torsion such that EΓ is Γ-compact). One might wonder
whether coarse Baum–Connes conjecture with coefficients is strong enough to
imply injectivity of the Baum–Connes map for the group. Since we are not able
to answer this question, we introduce the following definition:
Definition 4.3. Let M be a LBG, proper metric space. We say that M satisfies
the strong coarse Baum–Connes conjecture with coefficients (SCBC) if for all
n ∈ N∗, the semi-direct product groupoidG(M)n⋊Sn of G(M)n by the symmetric
group Sn (acting by permutation on the factors of G(M)
n) satisfies the Baum–
Connes conjecture with coefficients. One defines analogously the strong full coarse
Baum–Connes conjecture with coefficients (SFCBC).
For instance, if M admits a coarse embedding into a Hilbert space, then M
satisfies (SCBC) and (SFCBC). Indeed, we can reduce to the case when M is
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discrete. Then G(M) acts properly on a continuous field of Hilbert spaces. It
follows immediately that G(M)n ⋊ Sn also does, so that it satisfies BCcoef by [8]
(see [6] for n = 1).
Before we state the next theorem, we note that if F is a finite group acting
by isometries on a LBG space M , there is an obvious notion of F -equivariant
coarse Baum–Connes conjecture (the coarse assembly map taking its values in
KF (C
∗(M)) ∼= K(C∗(M)⋊F )), which is shown (by essentially the same methods)
to be equivalent to the Baum–Connes conjecture for G(M)⋊F with coefficients in
UCb(M,K). When M is the underlying metric space of a discrete group endowed
with any left-invariant proper distance, this is again equivalent to the Baum–
Connes conjecture for Γ with coefficients in ℓ∞(Γ,K) ⋊ F , where the actions of
Γ and of F on ℓ∞(Γ,K) are induced by the right action of Γ and the left action
of F on Γ.
Theorem 4.4. Let Γ be a countable group, and let X be the underlying met-
ric space (given by any left-invariant proper distance). Consider the following
statements:
(i) X satisfies SFCBC;
(ii) for every finite subgroup F of Γ, X satisfies the F -equivariant full coarse
Baum–Connes conjecture;
(iii) the full Baum–Connes map for Γ is injective.
Then (i) =⇒ (ii). Moreover, if there is a classifying space for proper actions EΓ
which is second-countable and Γ-compact, and if EΓ is F -equivariantly uniformly
contractible for every finite subgroup F of Γ, then (ii) =⇒ (iii).
(A space is said to be uniformly contractible if there is a uniformly continuous
homotopy between the identity map and the constant map.)
Proof. To prove (i) =⇒ (ii), we note that if n = #F then there are embeddings
G(X)⋊ F → G(X)F ⋊ F → G(X)F ⋊ SF ∼= G(X)n ⋊ Sn, where G(X)F denotes
the set of maps from F to G(X), the first map being given by the F -equivariant
embedding G(X) → G(X)F , γ 7→ (f−1(γ))f∈F . Property (ii) follows from (the
full version of) Theorem 3.14.
Let us prove (ii) =⇒ (iii). We first prove that for every proper finite
Γ-simplicial complex Y , the full Baum–Connes conjecture FBC(Γ;UCb(Y,K))
holds. We recall that, up to uniform-coarse equivalence, there is one and only
one distance on Y which is Γ-invariant and proper.
If Y is 0-dimensional, it is isomorphic to Γ/F where F is a finite group, so this
reduces to BC(Γ; ℓ∞(Γ/F,K)), which is true by (ii).
If Y is arbitrary, we may assume that Y is a typed Γ-simplicial complex. We
proceed by induction on the dimension of Y . Let n be the dimension of Y and
suppose the result is true in dimensions < n. Let Y ′ be the n− 1-skeleton of Y
and U its complementary. We have the exact sequence
0→ UCb,0(U,K)→ UCb(Y,K)→ UCb(Y ′,K)→ 0,
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where UCb,0(U,K) denotes the algebra of uniformly continuous and bounded
functions from U to K that vanish at infinity. We note that UCb,0(U,K) ∼=
UCb(Y
′′,K)⊗ C0(Rn) where Y ′′ is the set of centers of the open simplices in U .
Taking the full crossed-product with Γ preserves exact sequences, so we get a
six-term exact sequence
· · · → Ki+n(UCb(Y ′′,K)⋊fΓ)→ Ki(UCb(Y,K)⋊fΓ)→ Ki(UCb(Y ′,K)⋊fΓ)→ · · ·
Similarly, let us show that we have exact sequences in topological K-theory:
· · · → Ktopi+n(Γ;UCb(Y ′′,K))→ Ktopi (Γ;UCb(Y,K))→ Ktopi (Γ;UCb(Y ′,K))→ · · ·
Indeed since Ktop∗ (Γ;A) is the inductive limit of KKΓ(C0(Pd(Γ)), A), we have to
check that for every proper and finite Γ-simplicial complex Z,
· · · → KKnΓ(C0(Z);UCb(Y ′′,K))→ KKΓ(C0(Z);UCb(Y,K))→ KKΓ(C0(Z);UCb(Y ′,K))→ · · ·
is exact. When Z is 0-dimensional, it is isomorphic to Γ/F where F is a finite
group, so by [1, Proposition 5.14] this reduces to
· · · → KFn (UCb(Y ′′,K))→ KF (UCb(Y,K))→ KF (UCb(Y ′,K))→ · · ·
which is indeed exact since the functor KF preserves exact sequences.
When Z is arbitrary, this follows from an induction on the dimension of Z and
from Lemma 3.9.
Since the Baum–Connes assembly map intertwines the two above exact se-
quences, an application of the five-lemma completes the proof that FBC(Γ;UCb(Y,K))
holds. Now, since EΓ is compact, there exists Y of the form Pd(Γ) and equivari-
ant maps EΓ → Y → EΓ (see Lemma 3.2) whose composition is Γ-homotopic
to the identity. We thus get maps UCb(EΓ,K) → UCb(Y,K) → UCb(EΓ,K)
whose composition is Γ-homotopic to the identity. It follows that the full Baum–
Connes assembly map for Γ with coefficients in UCb(EΓ,K) is a direct factor of
the full Baum–Connes assembly map for Γ with coefficients in UCb(Y,K), so it
is an isomorphism.
Now, consider the diagram
Ktop(Γ) //

K(C∗(Γ))

Ktop(Γ;UCb(EΓ;K)) // K(UCb(EΓ;K))
We have shown that the lower horizontal arrow is an isomorphism. The leftmost
vertical arrow is an isomorphism. To see this, using again exact sequences and
an induction argument, we are are reduced as above to showing that KF (C) →
KF (UCb(EΓ,K)) is an isomorphism for any finite subgroup F of Γ: this is true
since EΓ is F -uniformly contractible. 
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Remark 4.5. If Z is a classifying space for proper actions, then there exists
a Γ-equivariant homotopy f : [0, 1] × Z × Z → Z between the two projections
Z×Z → Z. Then for every finite subgroup F of Z and every F -fixed point a ∈ Z,
the map (t, z) 7→ f(t, z, a) is a F -equivariant homotopy between the identity and
a constant map, but it is not necessarily uniformly continuous. This explains
the extra condition that EΓ is F -uniformly contractible. On the other hand, it
would be surprising if there existed a group for which EΓ is Γ-compact but not
uniformly contractible.
5. Final remarks
One of the main advantages of the coarse category is that it is much more
flexible than the category of discrete groups. For instance, the coarse Baum–
Connes map is invariant under coarse homotopy equivalence. It is natural to
ask whether the (full or reduced) coarse Baum–Connes map with coefficients is
also invariant under coarse homotopy equivalence, but the answer is probably not
obvious. To see why, let us consider a coarse map f : X → Y . Let Z = X ∐ Y ,
endowed with the largest distance d such that d(x, f(x)) = 1 ∀x ∈ X , d|Y×Y ≤ dY ,
d|X×X ≤ dX . Then Z is coarsely equivalent to Y , so there are coarse maps
C∗(X)→ C∗(Z)← C∗(Y )
where the second map C∗(Z) ← C∗(Y ) is a Morita equivalence. Therefore, f
induces a map K(C∗(X))→ K(C∗(Y )).
To generalize such a construction to the conjecture with coefficients, it would
be natural to expect similar maps on the groupoid level G(X)→ G(Z)← G(Y ).
However, the natural inclusion X → Z generally does not induce a map G(X)→
G(Z) (unless X → Y is a coarse embedding). It does induce a map G′(X) →
G′(Z), but the natural inclusion G′(Y )→ G′(Z) is not a Morita equivalence.
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